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Frames in Hilbert spaces are a redundant set of vectors which yield a representation for
each vector in the space. In the present paper, we give a generalization of frames, which
allows, in a stable way, to reconstruct elements from the range of a linear and bounded
operator in a Hilbert space.
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1. Introduction
Frames in Hilbert spaces were introduced by J. Duﬃn and A.C. Schaffer [7] in 1952, in the context of nonharmonic
Fourier series. After a couple of years, in 1986, frames were brought to life by Daubechies, Grossmann and Meyer [5].
Frames are generalizations of orthonormal basis. The linear independence property for a basis, which allows every vector
to be uniquely represented as a linear combination, is very restrictive for practical problems. A frame allows each element
in the space to be written as a linear combination of the elements in the frame, but linear independence between the frame
elements is not required. This fact became important in signal processing, image processing, coding theory, sampling theory
and more. See [1–4] and [10]. New application in image processing, robust transmission over the internet and wireless,
coding and communications were given. For recent applications in the area see the references of the paper [9] and the
paper [11]. Traditionally, frames were studied for the whole space or for the closed subspace.
This paper presents a generalization of frames, which allows to reconstruct elements from the range of a linear and
bounded operator in a Hilbert space. In general, range is not a closed subspace. The particular case of orthogonal projections
was considered by H.G. Feichtinger and T. Werther [8].
Let H1,H2 be two Hilbert spaces. We denote by L(H1,H2) the space of all linear bounded operators between H1
and H2. For T ∈ L(H1,H2) we denote by R(T ) the range of T .
In the following we denote by H a separable Hilbert space and by I the identity operator on H.
Deﬁnition 1. A family of elements { fn}∞n=1 ⊂ H is called a frame of H if there exist constants A, B > 0 such that
A‖x‖2 
∞∑
n=1
∣∣〈x, fn〉∣∣2  B‖x‖2, x ∈ H.
The constants A, B are called frame bounds.
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T : l2 → H, T {cn}∞n=1 :=
∞∑
n=1
cn fn
is called synthesis operator (or pre-frame operator). The adjoint operator is given by
Θ = T ∗ : H → l2, Θx = {〈x, fn〉}∞n=1
and is called the analysis operator. By composing T with its adjoint T ∗ we obtain the frame operator
S : H → H, Sx= T T ∗x =
∞∑
n=1
〈x, fn〉 fn.
Later we will need the following important result from operator theory:
Theorem 1. (See R.G. Douglas [6].) Let L1 ∈ L(H1,H), L2 ∈ L(H2,H) be two (bounded) operators. The following statements are
equivalent:
(i) R(L1) ⊂ R(L2);
(ii) L1L∗1  λ2L2L∗2 for some λ 0 and
(iii) there exists a bounded operator X ∈ L(H1,H2) so that L1 = L2X .
The main results of this paper are organized as follows: in Section 2 we present basic notions about atomic systems
and K -frames in Hilbert spaces. In Section 3, as applications of the results from Section 2, we give new characterizations of
families of local atoms.
2. Atomic systems. K -frames
Let H be a separable Hilbert space and {en}∞n=1 be an orthonormal basis for H.
Deﬁnition 2. Let K ∈ L(H). We say that { fn}∞n=1 is an atomic system for K if the following statements hold
(i) the series
∑
n cn fn converges for all c = (cn) ∈ l2;
(ii) there exists C > 0 such that for every x ∈ H there exists ax = (an) ∈ l2 such that ‖ax‖l2  C‖x‖ and Kx=
∑
n an fn.
Remark 1. The condition (i) in Deﬁnition 2 actually says that { fn}∞n=1 is a Bessel sequence (see Corollary 3.2.4 in [2]).
For the existence of the atomic systems for an operator we have the following result.
Theorem 2. Let H be a separable Hilbert space and K ∈ L(H). Then K has an atomic system.
Proof. Let {en}∞n=1 be an orthonormal basis in H. Then
x =
∞∑
n=1
〈x, en〉en,
hence
Kx =
∞∑
n=1
〈x, en〉Ken.
We denote fn = Ken, an = 〈x, en〉, n = 1,2, . . . .
We have
∞∑
n=1
∣∣〈x, fn〉∣∣2 = ∞∑
n=1
∣∣〈x, Ken〉∣∣2 = ∞∑
n=1
∣∣〈K ∗ f , en〉∣∣2 = ∥∥K ∗x∥∥2  ∥∥K ∗∥∥2‖x‖2
and
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n=1
|an|2 =
∞∑
n=1
∣∣〈x, en〉∣∣2 = ‖x‖2,
where we use Parseval’s relation. 
We give a characterization of atomic systems.
Theorem 3. Let { fn}∞n=1 ⊂ H. Then the following statements are equivalent
(i) { fn}∞n=1 is an atomic system for K ;
(ii) there exist A, B > 0 such that
A
∥∥K ∗x∥∥2  ∞∑
n=1
∣∣〈x, fn〉∣∣2  B‖x‖2, for any x ∈ H;
(iii) { fn}∞n=1 is a Bessel sequence and there exists a Bessel sequence {gn}∞n=1 such that
K x =
∞∑
n=1
〈x, gn〉 fn.
Proof. (i) 
⇒ (ii). We have∥∥K ∗x∥∥= sup
‖g‖=1
∣∣〈K ∗x, g〉∣∣= sup
‖g‖=1
∣∣〈x, K g〉∣∣.
And by taking g instead of x in the condition (ii) of Deﬁnition 2 we obtain that
K g =
∞∑
n=1
an fn.
Then
∥∥K ∗x∥∥= sup
‖g‖=1
∣∣∣∣∣
∞∑
n=1
an〈x, fn〉
∣∣∣∣∣ sup‖g‖=1
( ∞∑
n=1
|an|2
)1/2( ∞∑
n=1
∣∣〈x, fn〉∣∣2
)1/2
 C sup
‖g‖=1
‖g‖
( ∞∑
n=1
∣∣〈x, fn〉∣∣2
)1/2
hence
1
C2
∥∥K ∗x∥∥2  ∞∑
n=1
∣∣〈x, fn〉∣∣2.
(ii) 
⇒ (iii). Since { fn}∞n=1 is a Bessel sequence (see Remark 1) it follows that fn = T en, where T : l2 → H is a bounded
linear operator.
It follows
A
∥∥K ∗x∥∥2  ∞∑
n=1
∣∣〈x, T en〉∣∣2 = ∞∑
n=1
∣∣〈T ∗x, en〉∣∣2 = ∥∥T ∗x∥∥2.
From Theorem 1 it follows that there exists a bounded linear operator M : H → l2 such that K = TM.
We consider
Fn : H →C, Fnx := (Mx)n = an(x).
We denote a = Mx = (Mx)n. We have
|an|
( ∞∑
n=1
|an|2
)1/2
= ‖a‖l2  ‖M‖‖x‖.
It follows that∣∣an(x)∣∣ ‖M‖‖x‖.
From the Riesz representation theorem it follows that there exists gn ∈ H such that
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It follows that
Kx = TMx = T ({an})= ∞∑
n=1
an fn =
∞∑
n=1
〈x, gn〉 fn.
Moreover
∞∑
n=1
∣∣〈x, gn〉∣∣2 = ∞∑
n=1
|an|2  ‖M‖2‖x‖2,
hence {gn}∞n=1 is a Bessel sequence.
(iii) 
⇒ (i)
∞∑
n=1
∣∣〈x, gn〉∣∣ B‖x‖2.
We take for x ∈ H,a(x) = {〈x, gn〉}. 
Deﬁnition 3. We say that { fn}∞n=1 is a K -frame for H if there exist the constants A, B > 0 such that
A
∥∥K ∗x∥∥2  ∞∑
n=1
∣∣〈x, fn〉∣∣2  B‖x‖2, ∀x ∈ H.
We give a characterization of K -frames using linear bounded operators.
Theorem 4. Let H be a separable Hilbert space. Then { fn}∞n=1 is a K -frame iff there exists a linear bounded operator L : l2 → H such
that fn = Len and R(K ) ⊂ R(L), where {en}∞n=1 is an orthonormal basis for l2.
Proof. We suppose that { fn}∞n=1 is a K -frame:
A
∥∥K ∗x∥∥2  ∞∑
n=1
∣∣〈x, fn〉∣∣2  B‖x‖2, x ∈ H.
Consider the mapping Θ : H → l2
Θ(x) =
∞∑
n=1
〈x, fn〉en.
This mapping is a bounded linear operator and Θ∗en = fn since〈
Θ∗en, y
〉= 〈en,Θ y〉 = 〈y, fn〉 = 〈 fn, y〉.
From the previous inequality it follows that
A
∥∥K ∗x∥∥2 = ∥∥Θ(x)∥∥2
hence AK K ∗  LL∗ , where L = Θ∗. From Theorem 1 it follows that R(K ) ⊂ R(L).
Conversely, we suppose that fn = Len , where L ∈ L(l2,H) and R(K ) ⊂ R(L). We have
L∗x =
∞∑
n=1
〈x, fn〉en.
Indeed
〈
L∗x, g
〉=
〈
L∗x,
∞∑
n=1
cnen
〉
=
∞∑
n=1
cn〈x, Len〉 =
∞∑
n=1
〈g, en〉〈x, fn〉
=
∞∑
〈en, g〉〈x, fn〉 =
〈 ∞∑
〈x, fn〉en, g
〉
, g ∈ H.n=1 n=1
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∞∑
n=1
∣∣〈x, fn〉∣∣2 = ∞∑
n=1
∣∣〈L∗x, en〉∣∣2 = ∥∥L∗x∥∥2  ∥∥L∗∥∥2‖x‖2.
From hypothesis we have R(K ) ⊂ R(L). From Theorem 1 it follows that there exists A > 0 such that
AK K ∗  LL∗
hence
A
∥∥K ∗x∥∥2  ∥∥L∗x∥∥2 = ∞∑
n=1
∣∣〈x, fn〉∣∣2. 
For the particular case K = I we have results on ordinary frames.
3. Families of local atoms as K -frames
We give a connection between previous results on atomic systems and a new family of analysis and synthesis systems
for a closed subspace H0 of the Hilbert space H. These families were considered recently by H.G. Feichtinger and T. Werther
in [8]. In contrast to frames, these new systems do not necessarily belong to H0. The motivation of these systems is given
by the problems arising in sampling theory. We will prove that a family of local atoms for H0 is a PH0 -frame, where PH0
is the orthogonal projection on H0.
Deﬁnition 4. Let { fn}∞n=1 in H be a Bessel sequence and H0 be a closed subspace of H. { fn}∞n=1 is called a family of local
atoms for H0 if there exists a sequence of linear functionals {cn}∞n=1 such that
(i) (∃)C > 0 with ∑n |cn(x)|2  C‖x‖2;
(ii) x =∑n cn(x) fn , for all x ∈ H0.
We say that the pair { fn, cn}∞n=1 provides an atomic decomposition for H0 and C is an atomic bound of { fn}∞n=1.
Using Theorem 3 and Theorem 4 we give characterizations of families of local atoms. Two results of Feichtinger and
Werther (Proposition 2 and Proposition 3 in [8]) for local atoms for subspaces are corollaries of the next theorem.
Theorem 5. Let { fn}∞n=1 ⊂ H be a Bessel sequence. Then the following statements are equivalent
(i) { fn}∞n=1 is a family of local atoms for H0;
(ii) { fn}∞n=1 is an atomic system for PH0 ;
(iii) there exists A > 0: A‖PH0x‖2 
∑
n |〈x, fn〉|2, x ∈ H;
(iv) there exists {gn}∞n=1 ⊂ H a Bessel sequence such that
PH0x =
∞∑
n=1
〈x, gn〉 fn, for any x ∈ H;
(v) there exists a linear bounded operator L : l2 → H such that fn = Len and H0 ⊂ R(L), where {en}∞n=1 is an orthonormal basis
for l2.
Proof. (i) 
⇒ (ii) Clearly.
(ii) ⇐⇒ (iii)⇐⇒ (iv) (from Theorem 3).
(iv) 
⇒ (i) We take x ∈ H0 and from (iv) it follows that
x =
∞∑
n=1
〈x, gn〉 fn.
We denote by cn(x) = 〈x, gn〉 and we have
∞∑
n=1
∣∣cn(x)∣∣2 = ∞∑
n=1
∣∣〈x, gn〉∣∣2  B‖x‖2
because {gn}∞n=1 is a Bessel sequence and cn are linear functionals on H0. (ii) ⇐⇒ (v) from Theorem 4. 
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